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Abstract: Conventional ambisonic decoders do not work well with irregular loudspeaker configurations. Distributions of
loudspeakers inadequately sampling the spherical harmonic functions lead to ill-conditioned re-encoding matrices and,
therefore, decoders that exhibit numerical instability. Furthermore, when the number of loudspeakers in the array exceeds
the number of ambisonic channels, simple decoders relying on the Moore-Penrose pseudo-inverse can lead to solutions
that are not optimal for a human listener. To tackle these problems, we have proposed a new ambisonic decoder. Our
decoding scheme, when compared with the pseudo-inverse approach, exhibits a slight drop in the accuracy with which the
sound field is re-created at the sweet spot; however, it maintains low error levels throughout a wider listening region. We
evaluate the performance of our proposed decoder using two physical variables that are important for sound localization:
interaural level difference (ILD) and interaural phase difference (IPD). Simulation results using HRTF measurements
show that our decoder can more accurately convey interaural cues to a human listener; particularly when an irregular
loudspeaker array is used.
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1 INTRODUCTION

In ambisonics[1], sound fields are encoded using the spher-
ical harmonic decomposition of the sound pressure field
observed on a spherical boundary. The decomposition is
truncated to an arbitrary degree called the ambisonic or-
der, which we will denote with the symbol N . The ex-
pansion coefficients captured by ambisonics can be used to
reproduce sound fields using almost any surrounding loud-
speaker array. Accurate reconstruction, however, depends
on the loudspeaker positions defining a regular sample of
the spherical boundary surrounding the listener. A decoding
stage generates the loudspeaker signals from the expansion
coefficients.

Mainstream ambisonic decoders rely on the Moore-Penrose
pseudo-inverse of a re-encoding matrix:

B(k) = Cp(k), (1)

where B(k) is the vector of ambisonic signals, shown here
in the frequency domain as functions of the wavenumber k.
The components of vector p(k) are the loudspeaker signals.
The re-encoding matrix C, therefore, has (N + 1)2 rows
and one column for every loudspeaker in the array. The
elements of C are given by the spherical harmonic func-
tions Ymn[2] evaluated in the directions of the loudspeak-

ers, (θs, ϕs), as follows:

cm2+m+n,s = Ymn(θs, ϕs). (2)

The loudspeaker signals needed to reconstruct a particular
ambisonic-encoded sound field can be computed by invert-
ing the linear system of Eq. (1). For the re-encoding ma-
trix to be invertible, however, the number of loudspeakers
in the array must match the count of ambisonic channels.
In practice, it is desirable to use larger arrays to improve
the reproduction accuracy; this leads to an underdetermined
linear system. It is common to rely on the Moore-Penrose
pseudo-inverse to invert the re-encoding matrix. The decod-
ing equation can be written in terms of the pseudo-inverse
of C, denoted by C+, as [3]

p(k) = C+B(k). (3)

Our previous research highlights two drawbacks of this kind
of conventional ambisonic decoders: numerical instability
and suboptimal solutions[4]. Numerical instability is es-
pecially problematic when a decoder based on the pseudo-
inverse is used to re-create sound fields using an irregu-
lar loudspeaker array. Round-off errors can cause some of
the spherical harmonic functions to become almost indistin-
guishable if they are inadequately sampled. In addition, the
pseudo-inverse does not guarantee the optimal presentation



Figure 1: Block diagram of the new ambisonic decoder
for irregular loudspeaker arrays. Our main innovation is
summarized by the lower loop.

of sound to human listeners if the number of loudspeakers in
the array exceeds the number of ambisonic channels. De-
coders based on the pseudo-inverse yield the solution that
achieves perfect reconstruction at a listening point and min-
imizes the output power of the loudspeakers. Human lis-
teners, however, require an extended listening region and
would benefit more from a decoder that attempts to miti-
gate reconstruction artifacts in the neighborhood of the lis-
tening position. A comfortable listening experience should
allow the listener to move within a reasonably large region
without an audible drop in sound quality.

2 A NEW APPROACH TO AMBISONIC
DECODING

Our previous research introduced a new method to decode
ambisonic data for reproduction over irregular loudspeaker
arrays[4]. The new method, summarized in Fig. 1, attempts
to mitigate any reconstruction artifacts throughout a wide
listening region. Our proposal can be decomposed in two
parts: a generalization of the mixed-order ambisonics tech-
nique and a regularization term that attempts to smooth out
the error field within the listening area.

The mixed-order ambisonics technique consists of ignor-
ing the expansion coefficients corresponding to spherical
harmonic functions that are not adequately sampled by the
positions of the loudspeakers. Decoding for arrays with
different horizontal and vertical spatial resolutions can be
achieved by first considering the full multipole expansion
up to a low degree, and then complementing it with the ex-
pansion coefficients corresponding to the horizontally ori-
ented spherical harmonics of higher degrees. A trivial ex-
tension is to discard only the ambisonic channels that are
not well-represented in the array, irrespective of their rela-
tion to horizontal spherical harmonics. A useful heuristic is
to rotate the loudspeaker array using the point group trans-
formations (i.e. rotations by a fixed angle θr = 360◦/n).
The spherical harmonic functions of a given degree are in-
variant under some of these transformations, thus, an array
that samples them uniformly should preserve this symmetry
to a certain extent. Alternatively, one can exhaustively cal-
culate the condition number (the ratio bewtween the largest
and the smallest singular values) of the re-encoding matrix
for all combinations of ambisonic channels and choose the

most complete, well-conditioned one.

The generalized mixed-order ambisonics approach is nu-
merically stable and yields an initial set of decoding gains
that can already approximate an ambisonic encoded sound
field. The accuracy of this initial solution is highly depen-
dent on the regularity of the array, since only the channels
that are uniformly sampled by the loudspeaker positions
were decoded. Rather than attempting to improve the re-
construction accuracy at the center of the array, our focus is
on expanding the listening region.

Assuming ideal monopole radiators, the reconstruction er-
ror at the position ~r can be written as

ε(k, ~r) =ψ̃(k, ~r) − φ(k,~r) −
∑

s

N∑

m=0

m∑

n=−m

Gs
mn(k)

e−ik|~r−~rs|

|~r − ~rs|
Ymn(θs, ϕs),

(4)

where ψ̃(k, ~r) represents the sound field encoded in the am-
bisonic stream, φ(k, ~r) stands for the sound field recon-
structed through the generalized mixed-order ambisonics
approach. The first sum runs over the loudspeakers in the ar-
ray; the position of the s−th loudspeaker is given, in spher-
ical coordinates, as ~rs = (rs, θs, ϕs). The gains Gs

mn(k)
are initially set to zero, yielding only the mixed-order am-
bisonics approximation.

We now seek gains Gs
mn(k) that result in an expansion of

the listening region. The behavior of the reconstruction er-
ror as the listening point moves away from the center of the
array can be described by the radial derivative of Eq. (4)

∂

∂r
ε(k, ~r) = ∇ε(k, ~r) · r̂

= ∇[ψ̃(k, ~r) − φ(k, ~r)] · r̂ −
∑

s

∂

∂r

[
e−ik|~r−~rs|

|~r − ~rs|

]

N∑

m=0

m∑

n=−m

Gs
mn(k)Ymn(θs, ϕs).

(5)

The first term is the radial derivative of the reconstruc-
tion error when using only the mixed-order ambisonics de-
coding method. This term can be regarded as a constant
d ≡ ∇[ψ̃(k, ~r) − φ(k,~r)] · r̂ since it is independent of
the choice of gains Gs

mn(k). The radial derivative of the
monopole field can be expressed as:

∂

∂r

[
e−ik|~r−~rs|

|~r − ~rs|

]
= Ds(k)

[
e−ik|~r−~rs|

|~r − ~rs|

]
, (6)

with the operator

Ds(k) ≡ −|~r| − |~rs| cos(~r, ~rs)
|~r − ~rs|

(
1

|~r − ~rs|
+ ik

)
. (7)

Using these definitions, Eq. (5) can be rewritten as

∂

∂r
ε(k, ~r) =d −

∑

s

N∑

m=0

m∑

n=−m

[
Ds(k)

e−ik|~r−~rs|

|~r − ~rs|

Ymn(θs, ϕs)
]
Gs

mn(k) .

(8)
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By taking the norm of Eq. (8), we can now impose the fol-
lowing constraint on the radial derivative of the reconstruc-
tion error:

∣∣∣∣
∂

∂r
ε(k, ~r)

∣∣∣∣ = ‖L · G − d‖ ≤ ρ. (9)

Here, ρ is some threshold limiting the permissible variation
of the reconstruction error. The entries of G are the loud-
speaker gains Gs

mn(k), while the entries of the operator L
are defined as

Ls
mn(k) = Ds(k)

e−ik|~r−~rs|

|~r − ~rs|
Ymn(θs, ϕs). (10)

Equation (9) can be used to calculate a set of decoding
gains by defining a target radius for the listening region
and a maximum allowed variation for the reconstruction er-
ror. These gains can be used to generate loudspeaker signals
through the following decoding equation:

p(k) =
[
GT(k) + C+

Mixed−order

]
B(k). (11)

3 EVALUATION

The performance of our proposal has been previously com-
pared with that of a conventional decoder using a 157-
channel, irregular loudspeaker array[4]. Computer simula-
tions of the array yield promising results; however, our pre-
viously presented analysis has focused exclusively on the
physical reconstruction of sound fields. We now consider
two perceptually meaningful parameters for sound localiza-
tion and compare our proposed decoder with a conventional
one.

Two fundamental parameters in sound localization are the
interaural level difference (ILD) and interaural phase dif-
ference (IPD)[5]. Both parameters are accurately captured
by a linear model like the head-related transfer function
(HRTF). The present study uses the HRTF of a dummy head
(SAMRAI, Koken Co., Ltd.) as measured at the Research
Institute of Electrical Communication in Tohoku Univer-
sity. Measurements were made using a spherical loud-
speaker array housed in an anechoic chamber. Our HRTF
measurements span all azimuth angles from -175◦ to 180◦

in increments of 5 degrees, and are available for elevation
angles between -80◦ and 90◦ in increments of 10 degrees.

HRTF measurements can be used to derive binaural sig-
nals from ambisonic data by defining a virtual loudspeaker
array[6]. The resulting signal can be used to evaluate the
accuracy of the sound field reconstruction as would be per-
ceived by an actual, human listener.

We designed three virtual loudspeaker arrays and used them
to reproduce fifth-order ambisonic data. The loudspeaker
distributions include an almost regular, 42-channel config-
uration, a highly irregular, 42-channel one, and an approxi-
mation to the actual, 157-channel loudspeaker array used in
our previous research[7].

Figure 2: Distribution of loudspeakers for a regular, 42-
channel loudspeaker array. The array can be used to repro-
duce 5th order ambisonic data and is very close to an ideal
sampling of the sphere.

Several fifth-order ambisonic encodings of monopole
sources were synthesized at different positions. All of the
monopole sources were located at a distance of 1.5 meters.
We considered azimuth angles between 0◦ and 90◦ and el-
evation angles between -20◦ and 90◦. The monopoles ra-
diated sound at fixed frequencies of up to 5 kHz. Two am-
bisonic decoders were used in our tests: a conventional am-
bisonic decoder based on the pseudo-inverse, and our new
decoder for irregular loudspeaker arrays. The monopole
sound fields were decoded and reproduced using the three
virtual loudspeaker arrays. We then calculated the ILD and
IPD from the resulting binaural recordings. The interau-
ral cues extracted from our simulation were compared with
those measured for the SAMRAI dummy head.

3.1. Regular 42-channel louspeaker array

The first array to be considered in the present study consists
of a regular distribution of 42 loudspeakers. It was designed
from the solution to a simplified Thomson problem [8], con-
straining the charges to occupy only the positions for which
SAMRAI’s HRTF was available. The loudspeaker distribu-
tion for this array is shown on Fig. 2. The largest source
of asymmetry comes from the lack of a measurement of the
HRTF from below (elevation angle of -90◦); a loudspeaker
at an azimuth of 0◦ and elevation of -80◦ was used instead.
The distance between the loudspeakers and the listener was
fixed at 1.5 meters, the same distance at which SAMRAI’s
HRTF was measured.

A computer simulation of this virtual array was used to cal-
culate the interaural level and phase differences that a lis-
tener inside the array would experience. The results were
compared to the actual measurements of SAMRAI’s HRTF.
When the measurement at a particular direction was not

Page 3of 8



Figure 3: Error in the reconstruction of interaural cues for
the regular 42-loudspeaker array.

Figure 4: Distribution of loudspeakers for an irregular, 42-
channel loudspeaker array. The array can be used to repro-
duce 5th order ambisonic data and its layout covers the full
sphere; however, the angular spacing between contiguous
loudspeakers is very irregular.

available, its nearest neighbor was used. Our results for
this regular loudspeaker distribution, presented in Fig. 3,
show that the conventional decoding method, predictably,
re-creates the desired ILD more accurately than the new de-
coder for this kind of layouts. However, the difference be-
tween our proposal and the conventional decoder is not too
significant, typically within 3 dB. Meanwhile, the results
for the IPD show that our proposal can slightly outperform
the conventional decoder even when a regular array is used.

3.2. Irregular 42-channel loudspeaker array

The second loudspeaker array used in the present evalua-
tion exhibits a highly irregular distribution of 42 loudspeak-
ers. The array, shown in Fig. 4, was designed to reproduce
5th order ambisonic data, retaining numerical stability even
when a conventional decoder was used. It was also designed
to sample all directions; however, care was taken to ensure
that the array is not invariant under any point group trans-
formations (except for the trivial identity operation) for all
axes. The resulting array should be one of the worse designs
that retain numerical stability for ambisonic reproduction.

The performance of the conventional decoder drops signif-
icantly when using an irregular loudspeaker array. The re-
sults, presented in Figs. 5, show that the ILD reconstruction
error can exceed 20 dB when using the conventional de-
coder with the irregular 42-channel array. Conversely, the
accuracy of our proposed decoder, designed specifically for
irregular arrangements of loudspeakers, drops by less than
3 dB when changing to an irregular layout. Additionally,
our decoder can reproduce sounds incoming from different
directions to similar accuracy; in contrast, the performance
of the standard ambisonic decoder varies widely for differ-
ent angles of incidence.
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Figure 5: Error in the reconstruction of interaural cues for
the irregular 42- loudspeaker array.

Figure 6: Irregular, 157-channel loudspeaker array inside a
semi-anechoic room in the Research Institute of Electrical
Communication, Tohoku University.

The proposed reconstruction method outperforms the stan-
dard approach for almost all directions, most of the time by
a large margin. It is particularly notable that the ILD er-
ror achieved by the new decoding method does not vary too
much between the regular and irregular configurations. As
long as there are enough loudspeakers distributed through-
out a surrounding sphere, the regularity of their distribution
has little impact on the performance of the proposed de-
coder. In contrast, the standard decoding method suffers a
large performance degradation when the layout of the array
becomes irregular.

3.3. Irregular 157-channel loudspeaker array

Finally, an approximation to the irregular, 157-channel,
surrounding loudspeaker array discussed in our previous
research[7] was designed from the samples of SAMRAI’s
HRTF. The loudspeaker array being approximated is physi-
cally available in the Research Institute of Electrical Com-
munication of Tohoku University and shown in Fig. 6. It is
housed in a semi-anechoic room, covering its walls and ceil-
ing at regular spatial intervals[9]. Each of the loudspeakers
in the original array was mapped to the closest available
HRTF sampling point after distance compensation. Since
the positions of the loudspeakers are meant to sample the
spherical harmonic functions, the best results are achieved
by using the orthodromic distance rather than the Euclidean
distance. The orthodromic distance, or central angle, be-
tween two points on the sphere (θ1, ϕ1) and (θ2, ϕ2) can be
calculated using the Vincenty formula:

∆σ̂ = arctan
(√

A + B

C + D

)
, (12)

where the symbols A, B, C and D are defined as follows:

A =(cos ϕ1 sin(θ1 − θ2))
2
,

B =(cos ϕ2 sinϕ1 − sinϕ2 cos ϕ1 cos(θ1 − θ2))
2
,

C =sin ϕ2 sinϕ1,

D =cos ϕ2 cos ϕ1 cos(θ1 − θ2).

(13)
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Figure 7: Distribution of loudspeakers for an irregular, 157-channel loudspeaker array. The virtual array, denoted by filled
marks, provides the best fit between the actual 157-channel, surrouding loudspeaker array from our previous research[7]
and the directions for which Samurai’s HRTF was sampled. It can be used to reproduce 5th order ambisonic data, but
its layout covers approximately one hemisphere. The distribution of loudspeakers has some regularity, but it is far from
being a good sampling of all directions.

Figure 8: Error in the reconstruction of interaural cues for
a monopole source radiating from the front.

Figure 9: Error in the reconstruction of interaural cues for
a monopole source radiating from an azimuth angle of 60◦

and elevation angle of 0◦.
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Figure 10: Error in the reconstruction of interaural cues for
a monopole source radiating from an azimuth angle of 0◦

and elevation angle of 45◦.

The best possible fit to the actual 157-channel loudspeaker
array is shown in Fig. 7. The greatest error incurred in
the approximation was of approximately 5.05◦ which, tak-
ing distance into account, results in a loudspeaker located
around 20.7 cm away from its original position. The aver-
age error, however, was of approximately 2.96◦ and, after
accounting for the distance to the loudspeakers, of about
10.88 cm.

The 157-channel loudspeaker array can be used to repro-
duce 5th order ambisonic recordings. This remains true
even after the approximations made during the design of the
virtual array using SAMRAI’s HRTF measurements. How-
ever, unlike the previous two arrays, this array does not
sample all directions. Instead, the 157-channel, irregular
loudspeaker array is closer to a hemispherical distribution.

Unlike the previous results for the regular and highly ir-
regular arrays, the 157-channel loudspeaker array exhibits
a more varied behavior. Some directions priviledge the
conventional decoder, while others are better handled by
the new decoding method. However, the general behavior
for most directions is similar at frequencies below 2 kHz.
Figures 8 and 9 show two representative cases of a sound
source located at the front and at an azimuth of 60◦ and ele-
vation of 0◦, respectively. Both decoders can reconstruct
the ILD with very high precision at low frequencies, al-
though the standard decoder is slightly better. However, this
is not a significant difference and the ILD is not an impor-

Figure 11: Error in the reconstruction of interaural cues for
the irregular 157-loudspeaker array.
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tant perceptual cue at low frequencies. As the frequency
increases, the conventional decoder becomes less accurate
rapidly, while the new decoding method retains low recon-
struction errors up to around 2 kHz, a phenomenon that can
be observed for most directions of incidence. At higher fre-
quencies, both decoding methods become unreliable with
no particular decoder outperforming the other in a signif-
icant way. Interaural phase difference is reconstructed to
acceptable accuracy by both decoders, particularly at low
frequencies where it is most significant. At higher frequen-
cies, the proposed decoder produces more stable IPDs than
the conventional one.

Our proposed decoder can also be seen to outperform the
conventional method for sound sources radiating from non-
zero elevations. An example of this, seen on Fig.10, shows
that our proposal can achieve greater accuracy than the
pseudo-inverse decoder even at low frequencies. Both
decoders, however, are unreliable at frequencies beyond
2 kHz, with reconstruction errors for the ILD above 6 dB.

When the averages across all frequencies (up to 5 kHz) are
considered, however, the proposed decoder shows a remark-
ably better performance than the conventional method. The
results, shown on Fig. 11, show a pronounced difference
in the ILD reconstruction error for azimuth angles between
30◦ and 55◦. Not coincidentally, this region is also that for
which the loudspeaker array exhibits greater irregularities
in its layout, as it transitions from a densely sampled region
at the front to a sparsely sampled one on the left side of the
listener. The performance of the proposed decoder is also
considerably better at elevation angles above 32◦. This phe-
nomenon is related to the hemispherical shape of the array,
which cannot be properly handled by the pseudo-inverse de-
coder without some modifications to account for the lack
of loudspeakers below the listener’s level. Finally, a com-
parison of the IPD reconstruction error shows the proposed
method to be more precise at practically all directions. The
constrain on the radial derivative of the reconstruction er-
ror results in a drastic reduction of spatial alias within the
listening region, which has a significant impact on the inter-
aural phase difference.

4 CONCLUSION

Conventional ambisonic decoders work well with regular
configurations; however, when an irregular loudspeaker ar-
ray is used, our proposal shows a superior performance. We
complemented our previous results, showing that our new
decoder can re-create the physical variables over a wider
region than conventional approaches, with an evaluation
of perceptually meaningful parameters for human listeners.
Our new decoder can accurately convey important interau-
ral cues to the listener irrespective of the loudspeaker distri-
bution.

The performance of our proposal is less dependent on the
regularity of the loudspeaker array. Particularly promising
results are observed when considering sources outside the
horizontal plane and a hemispherical loudspeaker array.

Despite the improvement in both, physical reconstruction
of the sound field and re-creation of interaural cues, repro-
duction of high frequency sources remains difficult due to
the high amounts of information contained in their sound
fields.
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